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In this paper we give a new characterization of the classical orthogonal
polynomials (Jacobi, Laguerre, and Hermite polynomials) by a special property of
the sequences in their recurrence formula. The results also allow an easy derivation
of the asymptotic distribution of the zeros of the classical orthogonal polynomials.
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1. INTRODUCTION

There is an extensive literature about the mathematical properties of
orthogonal polynomials and their applications in various areas. In the wide
class of orthogonal systems the classical polynomials are of particular
interest: the Jacobi polynomials P®*#)(x), orthogonal (on the interval
[ —1, 1]) with respect to the measure (1 — x)*(1+ x)? dx (a, > —1); the
raguerre polynomials L!*'(x), orthogonal with respect to the measure
x*e¢~"*dx (on [0, ), a> —1); and the Hermite polynomials which are
orthogonal (on the real line) with respect to the measure e~ * dx.
Characterizations of these polynomials are given in [2, 3]. In this paper we
present a new characterization of the classical orthogonal polynomials
which is based on the sequence from the recurrence formula (Section 3)
and allows a very easy derivation of the asymptotic distribution of the
zeros of the polynomials (Section 4).
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4 DETTE AND STUDDEN
2. PRELIMINARIES

Let  =(— o0, @), [0, c0), or [0, 1] and g denote a probability measure
on 4 with all moments existing. The Stieltjes transform of p has the
continued fraction expansion

Vdu(x) 11 &) Gl
(a) -%‘:[0,1] [0 —Z———x=l_z-—1_ll_— 12 )

where {,=p,, {;=q,_,1p; (22), ¢;=1—p;, 0<p,<1;

(b) =10, ) L‘” dp(x) 1| dil il

[}

z—x Jz—|1—|z="
where d,; > 0;
_ © du(x) 1 a,| a|
(©) #=(-c0, ) J,m z—x |z—b,—|z—by—|z—b; "

where a, = 0.

The quantities {p;},», {d:}i>.,> {@: b;};5, can be expressed by deter-
minants of the moments of the measure u (see [6] or [9]). In this sense
every probability measure on [0, 1], [0, o), (— o0, o) is characterized by
the sequence {p;},51, {d:}i>1> {4 bi}is1, Tespectively. If this sequence is
finite (ie, p;e{0,1}, d,=0, or a;=0 for some i) the corresponding
measure has finite support which is given by the zeros of the polynomial
in the denominator of its continuous fraction expansion. The following
lemma is concerned with the support of a reversed terminating sequence.
Its proof is given in the Appendix.

LemMAa 2.1. (a) Probability measures (on [0, 11) corresponding to the
sequences (Py, . P> 0) and (p,,, ..., 1, O) have the same support.

(b) Probability measures (on [0, 1]) corresponding to the sequences
(P15 s Pms 1) and (q,5 ... 415 1) have the same support.

(c) Probability measures (on [0, ®©)) corresponding to the sequences
d...d,,0)and d,, .., d,, 0) have the same support.

(d) Probability measures (on (— o0, o©)) corresponding to the sequen-
ces (30 = om0 Yand (2, 8 p) have the same support.
The following lemma gives the sequences corresponding to classical
orthogonal polynomials (see [13]).
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LeMMA 2.2. (a) The corresponding probability measure (on [0, 1]) of
the sequence

k B+k
Pa= Thraker  P* Tavprm k2D

is the “Jacobi” measure with density proportional to x*(1 —x)* (o, B> —1).

(b) The corresponding probability measure (on [0, «0)) of the
sequence

dy =k, doy_1=a+k (k=1)

is the “Laguerre” measure with density proportional to x*e™* (a> —1).

(c) The corresponding probability measure {on (—o0, o©)) of the
sequence

x2

is the “Hermite” measure with density proportional to e,

3. CHARACTERIZATION OF THE CLASSICAL ORTHOGONAL POLYNOMIALS

Consider a measure p on [0, 1] with infinite support and corresponding
sequence p,, p,, ... (note that p,e (0, 1) because u has infinite support).
Define u, (ne N) as the probability measure (on [0, 1]) which corresponds
to the “truncated” sequence p,, ps, .., P2,_1,0 and u® as the measure
which corresponds to the reversed sequence p,,_1,Pan_25 - Py, 0.
Replacing the {p,},., by {d;};>, we have a similar definition on the
half line [0, cv). For a probability measure on (— o0, cv) we define pu,,
as the probability measure which corresponds to the truncated sequence
(3t = g D) and puy as the measure corresponding to the “reserved”
sequence (%" =» 9 D). From the continued fraction expansions given
in Section 2 it is obvious that the support of the measure y, is given by
exactly n points (ne N) and by Lemma 2.1 it follows that the “reversed”
measure p} has the same points as u,. In what follows we are interested
in measures g {(on [0, 1], [0, ), or (— o0, o©0)) for which the truncated
and reversed measure uR® puts equal masses on its n support points, i.e.,

1
#n({x})=—" Vxesupp(u;) (3.1)
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This result has a geometric interpretation which we illustrate for the case
{0, 1]. The other cases are similar. Let M,, denote the moment space

M2n= {(Cla R ] c2n) ‘ Ciz-[xid“’ i= 1’ Ty 2n}

generated by probability measures. For each (ci,..,c,,)€M,, there
corresponds a boundary point (cy, .., ¢3,_1,¢3,) for which ¢,, is a
minimum. This corresponds to the “lower principal representation” of
Ciy ey Coy 1 OT 1O (D1, sy Pan_ 1, 0). Let D, denote the nth orthogonal poly-
nomial corresponding to ¢, ..., ¢;,_;. The hyperplane supporting M,, at
(C1y s Can_ 1, €2,) is determined by D2 and the corresponding face of M,,
has extreme points (x;, x2, .., x2"), i=1, .., n. The measure uX which puts
equal masses on its support points can be viewed as the “center” of this
face.

The classical orthogonal polynomials can essentially be characterized as
the unique polynomials whose corresponding probability measure u
satisfies the condition (3.1) for all neN. More precisely we have the
following theorem.

THEOREM 3.1. (a) A probability measure p on [0, 1] satisfies (3.1) for
all neN if and only if u has Jacobi density proportional to x*(1—x)*
(a’ B > = 1)

(b) A probability measure u on [0, ) satisfies (3.1) for all neN if
and only if u has Laguerre density proportional to (1/B)(x/B)*e=*"*
(a>—1,5>0).

{c) A probability measure p on (— oo, ) satisfies (3.1) for all ne N
if and only if u has the Hermite density proportional to exp[ — ((x—b)/\/;)z]
(a>0,beR).

Proof. We only give a proof of (a); parts (b) and (c) are proved in
the Appendix. In the first step we show that the measure with density
proportional to x?(1 —x)* has in fact the property (3.1).

The measures u, and uX have the same support by Lemma 2.1. For the
calculation of the weights of u} we consider the Stieltjes transform of ufX;
namely,

L noaNe) C)
*@= L = T D)

i=1

The demonimator D,(z) is the Jacobi polynomial G!”?(z) on [0, 1] with
parameters p=a+f+1 and g=p+1 (see Abramowitz and Stegun
[1, p. 782]). We will show that the numerator C,(z)=G!"9(z) with
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parameters p=o+f+3 and ¢=p+2. In this case we obtain for the
weights of uX at the support points x,, x, ..., X,

ﬂrl:({xl}) = ¢(Z)(Z— xi)'z=x,
_ C(x) _ Gorprir 2(x;)
" (d)dz) D (2)] .y, (dfdz) GETPFETO())_,

Il
X -

where we have used the identity (d/dz) G»9(z) =nGP*> 9% 1)(z).
In order to show that C,(z)=G9(z) with parameters p=o+f+3
and g = B+ 2 we consider the reversed sequence

Hm — = not

Pa =P = T ¥ Lt at
prn—i+1
n—i+1)+a+p

s(n) —
Py 1=Pwm-2i+1= 2

(i=1, .., n) and obtain by an even contraction for the Stieltjes transform
of py

” R 1 R
o)=Y, ﬁz(_j’jc_”= 0 »th;)

i=1

1 L4 &4 Conslonal  _Ci2)

=|Z_El—|Z—Ez‘gs‘|z—z4_25— "'|Z“zzn—2“C2n41 Dn(z),

where 7, =p", [=p"§", (i>2), D.z)=TI/_,(z—x;), and for
k=3, ..,n

Ck(Z)=K( - ‘Z’Zn—2k+352n~2k+4"' —Z’Zn—JEZn——Z B - )

2=Con_okr2~Con2cs3 2={an_2— Lo

(see [9] or [14]). Here we have used the usual notation for the continuant
K which is also defined in the Appendix. Thus we have for the polynomials
C,(z) the recursive relation

B+2

Ci(z)=1, Cz(2)=z_zzn—z—52n~l=Z—a+ﬁ+4’

Ck(z)=(Z*Ezn~2k+2"52n-zk+3) Ck—l(z)_C~2n~2k+352n—2k+4ck—2(z)-
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Comparing this with the recursive relation of the Jacobi polynomials on
[0, 1] with parameters p=a+f+3, g=5+2 we find (see Abramowitz
and Stegun [1, p. 782])

Culz) =G/ 302(z),

For the reverse direction we now show that the Jacobi measure is
definitely determined by the condition (3.1). To this end consider an
(infinite) measure p on [0, 1] with corresponding sequence p,, p,, ... and
for ne N let u, and p} denote the measures corresponding to the sequences
(P15 s Pan_1,0) and (py,_4, . P1,0). The Stieltjes transform of the
reversed sequence is given by

_ ld/,tff(x)_ﬂ Pan—tl Van—1l )’_2|
di(z)—L e TR (3.2)

where y;=¢,p,_, (j=2). On the other hand u) puts equal weights on its
support points x, ..., x,, and we obtain

1 { 1

B(z) =~ Z =—[nz"‘1—(n—l)(ixi>z""2

n/ = z—x; n

+(n—2)(2x,—xj>z"3-~-:|/f[ (z—x,). (3.3)

i<j

Because the measures u® and p, have the same support (Lemma 2.1) we
see from the continued fraction expansion of the Stieltjes transform of the
measure u,, that

H(z—x;>=z"‘(ch)2"‘+(Z z cc)
j=1 j=1 i=1 j=i+2
which yields

z *i= z e z 2 XX = 2 Z L,

= =1 i=1 j=i+1 i=1 j=i+2

By a combination of the equations (3.2) and (3.3) and a comparison of the
coefficients of z”~2 and z"~? in the polynomials of the numerators we now
obtain for all n>2 the equations

(50 (3

2n—1 2n—1 2n—1 2n—1
n(z > viv,»)=(n—2)(z T c.»c,.).

i=2 j=i+2 i=1 j=i+2

(34)
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Observing the identities 377 IC, =py 1+ Xy yand TN L=

2n—1

DIFPRD IS 2y T T 12, 527, which follow readily from Lemma 2.1,
we obtain from (3.4) the equations

2n—1
(n—'l Pwm1= Z yj
(3.5)

2n—2 2n—1 2n-—-1
(n—2) pan_ 1( Y V,) 2% Y vy forall n=2.

i=2 j=i+2

We now simplify (3.5) using that the equations must hold for all n>2
which yields (for n—1)

2n—3

Z yj=(n_2)p22n—39

j=2
2n—3 2n—-3
2Y Y v==3)Pr_3(yan s+ (n=3) pra_s).
i=2 j=i+2

Thus (3.5) reduces to (n>3)

Pon Ln=1)+psy 2)=Pou_stV2n_2+(n=2)P2s_3
(n=2)pap_1 [(n—1)+ps, 5]
=2(n—=2)pan 2+ [292, 2+ (n—=3)1[y2n_a+ (n—=3)P2s_s] (3.6)

We now prove sucessively (for n>2) that the solutions of the equation
(3.5) or equivalently (3.6) are given by

(n—=1)p>+7, (n—1)p,
—_— = = ——— =2, 3, aans 37
2n—3)p,+1 P2 T, " (3.7)

Pm—1=
In the case n=2 we obtain from (3.5) (note that this case gives only one
equation for p;)

P3=72+(1—p3)p;

which obviously gives (3.7) for n=2 (the second representation in (3.7) is
obvious for n=2). Now assume that the respectation (3.7) holds from 1 to
n—1 and consider (3.6) for n. By straightforward calculations (using the
induction hypothesis) we obtain

2n—-T)p,+2

(2n—6)p,+1 (38)

Vom—at(—=3)pru_s=(n—=2)py,_s
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Equating the two equations of (3.6), solving with respect to p,, ,, and
using (3.8) it follows that

n—-"7)p, + 1]

i V4 poy 1 — 2P,
Pan 2[ Pon—3—4P2 5(2n—6)p2+1

(2n—7)p2+1]. (39)

=(n— 1)[p2n—3~p2n—5 2n—6)p,+ 1

Now observing the representations

_ (2n=T)p+1 paol(n—=3)p+ (1 —7,)]
Prn—3=P2m—s (2n—6)p,+1 [(2n—35)p,+11[(2n—6) p,+ 1]
Qn=T)p,+1_(n—=3)p,+(1—7,)
2n—6)p,+1 2n—6)p,+1

1_p2n—5

(which follow from the induction hypothesis) we have from (3.9)

P2l =3Yp,+1—=9,1[2n -5 p,+ 1+ p,]
=(n—=1)p, [(n—3)py+1-7,]
which reduces to

P Uit ) 2
T (2n—4)py+ 1

From the first equation given in (3.6) we now obtain (using (3.8)) by
straightforward algebra

(=1 py+7y,
Pon 1= 3
(2n—3)p,+1

which shows that the solution of the equations (3.6) is given by (3.7).
Because every probability measure on [0, 1] which satisfies (3.1) for all
neN must also satisfy the equations (3.6), we have shown that the
corresponding sequence py, p,, ... of such a probability measure on [0, 1]
which satisfies (3.1) is determined by

(n—1)p,+4,p, (n—1)p,
= s g =P >2).
P = B )+ 1 P2 = =2y p, +1 (n>2)

If we replace the free parameters p,, p, by

B+1 1

Ly s S Py

e+ f+2 (@ f>—1)
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we obtain
n—1 f+n

Pzn—z=m, Pzn_1=m

and by an application of Lemma 2.2(a) the assertion of the theorem
follows.

COROLLARY 3.2. The Jacobi polynomials can be characterized as the
unique orthogonal polynomials on [ —1,1] whose corresponding measure
satisfies (3.1).

The Laguerre polynomials can be characterized as the unique (up to a
scale factor) orthogonal polynomials on [0, o0} whose corresponding measure
satisfies (3.1).

The Hermite polynomials can be characterized as the unique (up to a
linear transformation) orthogonal polynomials on (— o0, c©0) whose corre-
sponding measure satisfies (3.1).

Note that in the last corollary we consider the Jacobi polynomials on
[—1, 1] while Theorem 3.1 deals with polynomials on [0, 1] for which the
derivation of the used equations is easier. By a linear transformation we
obtain the desired result on the interval [ — 1, 1], where the p; are the same
as on the interval [0, 1] (see [10]) and defined by the continued fraction
expansion of the Stieltjes transform

fl d/‘(x)__: 1 20, 20,
-1 z—x Jz4+1— |1 —|z+1--.

We remark that in Theorem 3.1 we required Eq. (3.1) to hold for all
neN. This is equivalent to requiring that (3.2) equal (3.3) for all n
However, in deriving Eq. (3.4) we only compared the coefficients of z" 2
and z"~°. Comparing the remaining coefficients would actually overdeter-
mine our parameters. We conjecture that parts a) and b) are true if we
require that (3.1) hold only for n=1+2", m>1 and that ¢) holds if we
require (3.1) for n=2", m>0.

4. THE ASYMPTOTIC DISTRIBUTION OF THE ZEROS

This section deals with the asymptotic distribution of the zeros of the
classical orthogonal polynomials. The results are well known (see [11] for
the bounded interval or [8] for an unbounded interval; see also the recent
monograph of Van Assche [12]). The proofs either require certain
extremal principles from potential theory or are based on the three term
recurrence relation and quadrature formulas. An alternative approach was
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given by Gawronski [57] which uses a continuity theorem for the Stieltjes
transform. The results of the previous section allow very simple proofs
of the asymptotic distribution of the zeros of classical orthogonal
polynomials.

THEOREM 4.1. Let P'*P)(x) denote the Jacobi polynomial of degree n
(¢>—1,8>—1) and N*P(&) the number of zeros of P*“P#{(x) not
exceeding £ ((e[—1,1]); then

1 1 ¢ dx
1i - Ni=f) i —_
nLnlo n " (é) n j'_) /1_x2

Proof. From Section 3 we know that the corresponding sequence of the
Jacobi measure is given by (Lemma 2.2)

f+n n

Ty N RS peRy

and that the Jacobi polynomials are characterized as the polynomials for
which the measure corresponding to the truncated and reversed sequence

(pZnAls ws P15 0) = (ﬁ(ln)’ oy ﬁg';)—li' 0)

puts equal masses on its support points (namely, the zeros of P #(x)).
From

n—i
n—i)+14+a+p’

pin) = =
P =Pan—2i 2

) _ B+n—i+l
p2i~l—p2n—2i+l_2(n__i+1)+a+ﬂ
we have
lim p§ = lim p§) =3 (4.1
n— n— oG

Because the moments of a probability measure are continuous functions of
the quantities p; (see [10]) it follows from (4.1) that the moments of the
discrete uniform distribution on the zeros of P*#(x) converge to the
moments of the distribution which corresponds to the sequence (3, 3, ...).
This distribution is the arcsine distribution (see for example [7]) and is
determined by its moments. It now follows from the well known method of
moments of probability theory (see for example Feller [4, p. 263]) that the
discrete uniform distribution on the zeros of P*f(x) converges to the
arcsine distribution, because its moments are converging.
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THEOREM 4.2. Let L'™(x) denote the Laguerre polynomial of degree n
(a> —1) and N'™X(&) the number of zeros of L™(x) not exceeding & (¢ >0);
then

4
lim 1N,,(4n¢)=3j xTP(1-x)dx (0<E<).
pn m Yo

n— oc

Proof. Let x,, ..., x, denote the zeros of L®(x). From Theorem 3.1 and
Corollary 3.2 we see that the corresponding sequence of the discrete
uniform distribution on the set {x,/4n}7_, is given by

(@, ... d)_;, 0),
where
d=(n—i/dn d3)  =(a+n—i+1)/4n (i=1,..,n)

and we obtain as n — o©

fm d' =} lim g =
The only distribution (on [0, 1]) with corresponding sequence (4, 4, ...) is
the distribution with density x ~"*(1 — x)"? (¢=3, §= — 3 in Lemma 2.2a)
and the assertion of the theorem now follows by similar arguments given
in the proof of Theorem 4.1.

The next theorem is proved in the same way as Theorems 4.1 and 4.2
and its proof is therefore omitted.

THEOREM 4.3. Let H,(x) denote the Hermite polynomial of degree n and
N, (&) the number of zeros of H,(x) not exceeding ¢ (¢ € R); then

lim %N,,(ﬂé):% f./l—xzdx (—1<E).

5. APPENDIX

Proof of Lemma 2.1. We only give a proof of (a); all other cases are
treated similarly. The Stieltjes transforms of the measures u,, and uX corre-
sponding to the sequences (p,, p;, -s P> 0) and (p,., Pru_ 1> - Py, 0) are
given by

f‘ du(x) 11 Gl Gl Cnl
o z—Xx |z—|1—|z—---—]1,
fl An(x) 1 pul  ml 72
o z—x |z—= |1 — |z — - —|1,,)

640/71/1-2
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where {;=p,, {;=p;(1—p;_1), y,=(1—p;)p;, {, and 7, is 1 or z corre-
sponding to the case m odd or even. The support points of u, and uR are
given by the zeros of the polynomials in the denominator (see [147).

A
z 1 z .- T,
z ~1 0 0
-6 1 -1 ;
_ 0 S
= . . 0
—1
0 0 ¢, .
Pm  —Vm —72
Qm(z)=K(Z t z rm>
z —1 0 0
—Dm 1 —1 :
I L e TP :
B 0
—1
0 0 -7 T

We now prove by induction that the polynomials P, (x) and Q,,(x) are the
same. For m =1 this is obvious and for m =2 we obtain

Py(z)y=2"—2({,+ () =22 —2(p, + qipr) =27 — z(p2+ q2P))
=22—z(p,+7,)=0a(2).

For the step from m to m+ 1 we have from the induction hypothesis (for
m— 1 and m — 2} and by an expansion in the last row

__C _Cm
Pm+l(z)=‘cm+1K(Z ' 1 ... T )
=& =l
"‘cm-;lK(z 1 . T
_ —Pm —Vm Y2
_T'"“K<z 1 z - 1:,,,)

“Pm-1 “Vm—1 A
Cm+l (Z Tm—l)
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From the identity p, =7, .+ PePli+1 (k=m, m—1) we obtain

Pm+1(Z)=Tm+1K(Z e 1 o z o Tm>
—Cm+1K<Z ~im 1 e 2 o ‘cm_1>
—Pum+1[T'"+1K<Z Tme 1 ... s rm>
k(T )]

cepak (T )
—Cm+1fm+1K<l o - " r,,,)

“Vm-2 Y2
o, )

Lt “Vm+1 Y2
= K
T'"“[ (1 z { .. T,

VYm0 V2
— K
pmpm+l <1 z ... Tm>:|
=K< “Pm+t —Tm+1 Y2 >=Qm+1(z)~
z 1 z .- Tont1
(Note that we have used the identity
K( —Ym T Vm-1 A )
z 1 Z e T_1
—Vm —Vm- -7
=T'"+1K<l z 1 - 2 r,,,)

which can also be proved by induction and straightforward calculations.)

Proof of Theorem 3.1 (b) and (a). The proofs that the Laquerre and
Hermite densities satisfy (3.1) are similar to the Jacobi case and are
omitted. The proofs that these densities are determined by (3.1) are given
below.
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Proof of part (b). By a similar reasoning as in the proof of part (a) we
obtain the equations
2n—1

ndy, = Z d;
! forall n>2 (5.1)

(n—l)(znz3d)d2,, 1—22"22 2'122 dd,

=1 j=i+4+2
which reduce to (X2 7°d;=(n—1)d,,_;)

(n=1)dy, 1 =dy,_r+(n—1)ds, 3
M2 -2 (5.2)
(n=2)n—1)dy,_,dy, y=2Y ) dd;.

i=1 j=i+2
For the second equation in (5.2) we obtain
(n‘—z)(n"—l)dZn—ld2n~3
2n—4 2n—-5 2n—-4 2n—4
—2[dzn22d+d2n32d+2 de]
i=1 i=1 i=1 j=i+2
=2(n—2)dy,_>dy,_3+2(n—2)dy,_3dy._s
+(n=3)n—2)dy,_3d,,_s

and thus (5.2) is equivalent to

n=1)dy, 1=dp, r+(n—1)dy,_;

for all n=2. (5.3
(n—1)dyy_,=2dsy 1+ (n—1)dyy s )

By a straightforward calculation it can now be shown that the solution of
the equations (5.3) is given by

d2n——2=(n_1)d2a dzn_1=d1+(n—l)d2

and part (b) of Theorem 3.1 now follows replacing 4, and d, by the
parameters of the density proportional to 1/8(x/B)*e " (a> —1 £>0),
which yields 4, = (1+a)  and d,=§.

Proof of part (c). In the same way as in part (a) we obtain the
equations (for all n>1)

n+1
ny b=(n+1)

i=1 i

(n—l)[nil "il bib,— 3 a,]=(n+1)[

i=1 j=i+1 i=1

M=

b,

I

M=“

L bib—-

i=1 j=i+1 i
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From the first equation we get immediately that b, =b,=b;... and we let
without loss of generality b, = b, = --- =0 (a nonzero b only causes a shift
of the distribution). But in this case the second equation of (5.4) reduces
to

which has the solution a, = na, for all ne N, and Theorem 3.1(c) is proved
by an application of Lemma 2.1 and a linear transformation.
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